This paper is devoted to a mathematical analysis of the coupled system of NavierStokes and Darcy equations by means of the Beavers-Joseph-Saffman's condition on the interface. This model is discretised using the discontinuous Galerkin finite element method in the whole domain. The existence and uniqueness of the discrete solution are proved. Results on a priori error estimates have been proved by [6] for the case of coupled Galerkin scheme. Here we prove optimal results for the case where nonhomogenous boundary conditions and the discontinuous Galerkin scheme are considered.
Introduction
The coupling of surfacic and underground flows has become an active area of research because of the wide range of applications (see [5] , [10] , [14] and [18] ).
In this paper we consider a coupled system of the Navier-Stokes and Darcy equations where the different physical quantities are coupled using appropriate conditions that include the Beavers-Joseph-Saffman's law. Our discretisations are based on the discontinuous Galerkin finite element method.
In recent years, discontinuous Galerkin finite element method have become very widely used for solving a large range of computational fluid problems. This is for many reasons, among others, we can say that the discontinuous Galerkin method is flexible in approximating solutions of difficult problems, mass conservative, of high order and it is easy to implement on unstructured non-conforming meshes.We refer the reader to [15] , and the references cited therein.
The coupling of Stokes and Darcy equations has been studied in the literature. A non-exhaustive list of papers is ( [1] , [2] , [3] , [4] , [7] , [11] , [12] , [13] and [16] ) .
Let Ω be a bounded domain in R d (d = 2, 3) subdivised into two disjoint subdomains Ω 1 , Ω 2 . Let Γ 12 be the interface ∂Ω 1 ∩ ∂Ω 2 . Define Γ i = ∂Ω i \Γ 12 , i = 1, 2. Denote by n 12 (resp.τ 12 ) the unit normal vector (resp. the tangential vector) to Γ 12 directed from Ω 1 to Ω 2 (resp. on the interface Γ 12 ) and by n 2 the unit normal vector to Γ 2 .
Denote by u = (u 1 , u 2 ) the fluide velocity and by p = (p 1 , p 2 ) the fluide pressure, where u i = u | Ω i and p i = p | Ω i . The body forces f 1 and f 2 respectively act on Ω 1 and Ω 2 .
The flow in the domain Ω 1 is incompressible and is characterized by the Navier-Stokes equations. In the region Ω 2 , the fluid pressure and velocity satisfy the single phase Darcy flow equations.
Where the union of the two disjoint sets Γ 2D and Γ 2N is the porous medium boundary Γ 2 and K = kρg ν is a symmetric positive definite tensor satisfying for some constants
with k represents the permeability, ρ the density of the fluide and g is the acceleration due to the gravity. The physical quantities are coupled through appropriate interface conditions.
Note that the first condition represents the mass conservation across the interface, the second is the Beavers-Joseph-Saffman's law, and the third one imposes balance of forces across the interface, where G > 0 is an experimentally determined constant.
We first write an equivalent variational formulation of this model and set results for the existence and the uniqueness of the solution. Next we construct the discrete problem and prove that under nonhomogenous conditions this discrete problem has a unique solution.
An outline of the paper is as follows.
• In Section 2, we write the variational formulation of the problem and set known results on its well-posedness.
• Section 3 is devoted to the derivation of the discrete problem and to the proof of its well-posedness. We present a priori error estimates in Section 4.
Analysis of the continuous problem
We first introduce the functional spaces
and the bilinear forms
Here, we have used the notation (., .) O for the L 2 inner product on a region O.
Variational formulation
The variational problem that we consider is
, then it is also a solution to problem (P v ) . The converse is also true.
Existence and uniqueness of the solution
In order to set the well-posedness of problem (P v ) ; we first introduce the subspace of divergence free functions
which is a well defined closed subspace of V 1 .
The reason for introducing this kernel is that, for any solution (u 1 , p 1 , p 2 ) of problem (P v ) , the pair (u 1 , p 2 ) is a solution of the next reduced problem Find u 1 ∈ W 1 and p 2 ∈ H 1 (Ω 2 ) such that
.This result is a consequence of the following continuous inf-sup condition which is satisfied between the Navier-Stokes velocity and pressure spaces.
To prove the existence and the uniqueness of the solution to P v , we refer the reader to [6] and [8] .
Numerical discretisation
Let us consider a regular family of triangulations of Ω, denoted by ε h of diameter h. We assume that all vertices of Γ 12 and ∂Ω are vertices of ε h and we assume that all segments of Γ 12 are composed of segments of ε h . For i = 1, 2, let ε h i be the restriction of ε h to Ω i which is also a regular family of triangulations of Ω i . It has to be noted that the two meshes coincide at the interface Γ 12 .
For i = 1, 2, let Γ h i denote the set of edges of ε h i interior to Ω i . To each edge e of ε h we associate once and for all a unit normal vector n e . We set that if e ∈ Γ 12 , n e = n 12 and if e ∈ Γ 2 , n e = n 2 .
We propose the discontinuous Galerkin method. For, we introduce further notation: if n e is directed from the element E 1 to the element E 2 , the jump [.] e and the average {.} e of a function v are given by
If k 1 and k 2 are two integers satisfying k 1 ≥ 1 and k 2 ≥ 1; we define the discontinuous finite element spaces for the Navier-Stokes velocity and pressure and the Darcy pressure respectively
equipped with the discontinuous Galerkin (DG) norms
Here the parameter σ e ≥ 0 takes a constant value over each edge e, and |e| denotes the length of e.
We also introduce the broken norm for i = 1, 2.
and the jump bilinear forms
In the next step, we define a 1 , b DG and c DG to be the discretizations of the viscous term, pressure term and nonlinear term respectively for the Navier-Stokes equations. In the same way, we define a 2 to be the discretisation of the diffusion term for the Darcy equations, and γ 12 is the form containing terms related to the interface Γ 12 .
The parameters 1 , 2 ∈ {−1, 0, +1} allow to switch from symmetric to non-symmetric bilinear forms. We write
The bilinear form L DG is defined by
Finally, the nonlinear convection term is approximated by the following variant of Lesaint-Raviart upwinding adapted to DG that was introduced in [9] c DG u
where n E denote the outward normal to an element E ∈ ε h and v
Discontinuous Galerkin Scheme
Here we consider nonhomogenous boundary conditions and the DG variational formulation can be written as follows
Find u
For the consistency of (3.7) − (3.8), in the case of coupled Galerkin scheme with nonhomogenous conditions, we refer the reader to [6] and in the case of discontinuous Galerkin scheme with homogenous conditions we refer to [8] . Our case treats the discontinuous Galerkin scheme with nonhomogenous conditions.
To study this case, we first recall the usual Cauchy-Schwarz and Young's inequalities
We also recall for all q 2 ∈ M 2 (see [6] , [8] )
where P 1 , C 1 are constants that only depend on Ω 2 .
(3.12)
Some properties of the discrete forms
To analyze problem (3.7) − (3.8) , we need that the discrete forms a 1 , a 2 , c DG satisfied adequate continuity and coercivity properties and the form b DG an inf-sup condition.
• Continuity and coercivity of the forms a 1 , a 2 and c DG
The continuity and coercivity of a 1 and a 2 stated in the next Lemma is proved in [9] Lemma 3.1 Let the triangulation ε h 1 be regular. There exists constants C 2 and C 2 , independent of h and ν such that
Similary, let the triangulation ε h 2 be regular. There exists constants C 3 and C 3 , independent of h such that
We also need the following result as in [8] 
and there exists a constant C 5 independent of h , but depending on α 1 , such that
Now, we write down an upper bound for the form c DG , where details can be found in [9] . 
Lemma 3.3 Let the triangulation
where W h 1 is the space of discrete divergence free velocities that will be defined later.
Remark 3.4 We introduce the quantity
According to Lemmas 6.1 and 6.2 in [9] , N (h) is bounded by a constant N independent of h. The following Lemma states the positivity of the form c DG that is needed in the analysis of our problem.
Lemma 3.5 The nonlinear form c DG satisfies the following property
where
Here, n Ω 1 is the outward normal vector to Ω 1 .
• Discrete inf-sup condition Proposition 3.6 Let the triangulation ε h 1 be regular. There is a constant β * > 0 independent of h such that
Existence of the discretised solution
We now proceed to show that there exists a unique solution to (3.7) − (3.8) .For, we introduce an equivalent numerical scheme by restricting the space V h 1 to discrete divergence free velocities
Based on this equivalence between the two problems, it suffices to show that (3.21) has a solution u
Theorem 3.7 Let the triangulation
Here, (., .) G h is the inner product on G h defined by
associated with the norm
Let us derive a lower bound for
By Lemmas 3.1 and 3.5, we have
By using (3.9) , (3.17) and (3.18), we obtain
Similary, from (3.9) , (3.10) , (3.11) and (3.12) , we have
Now, let us derive a priori bound for the last term of the form L DG . From the trace inequality (2.5) in [15] , (3.9) and (3.10), we have
where C is a constant independent of the mesh size h.This implies that
This yields the existence of at least one solution (u 1 , p 2 ) of (3.21) .The same argument can be used to show that any solution (u 1 , p 2 ) of (3.21) is bounded as follows
(3.23)
Uniqueness of the discretised solution
To prove the uniqueness, we need some results (see [8] 
where 
Theorem 3.10 Under the condition
the discrete problem (3.21) has a unique solution.
Proof. The proof of this result is immediate.We assume that u
are two solutions of problem (3.21) , and let
By using Lemma 3.1, (3.23) , (3.24) and (3.25) , we can derive that U 
A priori error estimates
Thanks to [8] for the following optimal error estimates for the velocity and pressure. 
with a constant C independent of h and ν.
An immediate consequence is the following result.
Corollary 4.3 Under the assumptions of Theorem 4.1, there is a constant C independent of h such that
Note that this results are optimal.
Conclusion
In this paper, we have considered a problem coupling Navier-Stokes and Darcy equations similar to the one by [6] and [8] but under nonhomogenous boundary conditions and proposed the discontinuous Galerkin finite element method for discretising the whole system.We obtained results on the existence and uniqueness of the discrete solution that will guide us to an optimal way for the choice of the discretisation parameters [17] . Furthermore optimal a priori estimates were derived, where the related terms are taking in account both the continuous and the discontinuous cases as set in equations ((4.2)-(4.4)).
